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Abstract. After classifying indecomposable quasi-classical Lie algebras in low
dimension, and showing the existence of non-reductive stable quasi-classical Lie
algebras, we focus on the problem of obtaining sufficient conditions for a quasi-classical
Lie algebras to be the contraction of another quasi-classical algebra. It is illustrated
how this allows to recover the Yang-Mills equations of a contraction by a limiting
process, and how the contractions of an algebra may generate a parameterized families
of Lagrangians for pairwise non-isomorphic Lie algebras.
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21. Introduction
In many physical applications one is often confronted to consider Lie algebras other
than semisimple and endowed with a non-degenerate symmetric bilinear form that is
associative with respect to the bracket (Bohr and Bucher, 1986; Das, 1989; Schimming
and Mundt, 1992). For the classical case, the Killing metric tensor provides this form,
with the additional advantage of being related to the adjoint representation (Popov,
1991). However, even for reductive Lie algebras this approach fails, and we have to
consider a different representation, due to degeneracy of the trace form. This suggests
to consider the problem in general, which gives rise to the class of quasi-classical Lie
algebras (Okubo, 1979). This approach allows for example to treat non-abelian Yang-
Mills gauge theories in unified manner, covering the abelian and semisimple cases, and
even extending it to the solvable case (Slavnov and Faddeev, 1978; Okubo and Kamiya,
2002). The existence of a bilinear form with the required properties can be characterized,
like in the semisimple case, by the existence of a quadratic Casimir operator of a certain
form (Casimir, 1931; Okubo, 1979). Although it has been proved in that only those
gauge theories based upon compact algebras remain ghost-free when quantized, the
general case still remains of interest for the analysis of solutions of the Yang-Mills
equations (Das 1989; Mundt, 1993).
In the generalized theory, the classical Lagrangian is replaced by
L(x) = gijFµν,iF
µν
,j , (1)
where gij are the components of the non-degenerate form on g. Given an element Y ∈ g,
it is straightforward to verify that for any X, Y ∈ g we have the invariance condition(
(exp Y )−1Xi(expY ), (expY )
−1Xj(expY )
)
= (Xi, Xj) ,
thus, taking a function ηi(x) of the spacetime coordinate x and defining g(x) =
exp(ηi(x)Xi), the local transformations defined by
A′µ = g
−1(x)Aµ(x)g(x)− g
−1(x)∂µg(x), (2)
F ′µν = g
−1(x)Fµν(x)g(x) (3)
leave the Lagrangian (1) invariant and consistently reproduce the equations of motion
[Aµ(x), Aν(x)] + ∂
λFλµ(x) = 0, (4)
where, as usual,
Aµ(x) = XaA
a
µ(x), (5)
Fµν(x) = ∂µAν(x)− ∂νAµ(x) + [Aµ(x), Aν(x)] . (6)
Solutions of these equations for nilpotent and solvable Lie algebras have been
analyzed for various types of Lie algebras in different situations, like the curvature
zero case Fµν = 0 or the sourceless case with constant potentials (Bollini and Giambigi,
1984; Schimming and Mundt 1992).
3In this work we focus on the properties of quasi-classical Lie algebras with respect
to contractions. We point out that non-abelian quasi-classical algebras can arise as
contractions of Lie algebras g  g′ that do not carry a non-degenerate form, or even
don’t possess Casimir operators. However, if the quadratic Casimir operator is the
result of a limiting process of a quadratic invariant of the contracted algebra, then
both algebras are quasi-classical. This will allow us to deduce the gauge fields and the
Lagrangian of the contraction by limits of the corresponding quantities over g.
We first analyze some structural properties of Lie algebras of this type, especially
quasi-classical Lie algebras that are either nilpotent or have a nontrivial Levi
decomposition. The analysis in low dimension suggests that contractions of reductive
(especially semisimple) Lie algebras provide all quasi-classical non-abelian Lie algebras.
This is however not true in general, as will be established by a counterexample of
a stable quasi-classical Lie algebras in dimension 10. In section 4 we study under
which conditions a non-abelian quasi-classical Lie algebra arises as the contraction of
another Lie algebra with the same property. These results are applied to the contraction
procedure of the Yang-Mills equations for contractions that preserve the property of
being quasi-classical.
2. Quasi classical Lie algebras
Let g be a Lie algebra and (., .) a symmetric bilinear form that satisfies the associativity
condition
(X, [Y, Z]) = ([X, Y ], Z), ∀X, Y, Z ∈ g. (7)
The form is non-degenerate if the radical R = {X ∈ g |(X, Y ) = 0, ∀Y } reduces to
zero. Following the notations of (Okubo, 1979), we call a Lie algebra g quasi-classical
(short QCLA) if it possesses a bilinear symmetric non-degenerate form (., .) that satisfies
equation (7). It follows at once that any reductive Lie algebra, i.e., any direct sum of
a semisimple and abelian Lie algebra, is quasi-classical. In (Okubo, 1998) it was shown
that the most general non-abelian gauge theory is based on QCLAs.
In particular, a characterization of QCLAs in terms of quadratic operators can be
given (Okubo, 1979), in complete analogy to the classical semisimple case proved in
(Casimir, 1931):
Proposition 1 A Lie algebra g is quasi-classical if and only if it possesses a quadratic
Casimir operator C2 = g
abXaXb such that the symmetric matrix g
ab satisfies the
constraint
gabgbc = δac, (8)
where gab is the inverse of g
ab.
Those properties of QCLA not using explicitly the adjoint representation of the
algebra constitute natural generalizations of those observed for the Killing tensor in
4semisimple Lie algebras. Among the elementary properties of quasi-classical algebras,
we enumerate the following three, the proof of which is completely analogous to the
semisimple case with the Killing metric tensor:
(i) If g is quasi-classical complex, then any of its real forms is quasi-classical.
(ii) If g1 and g2 are quasi-classical, then their direct sum is also quasi-classical.
(iii) If a quasi-classical Lie algebra g admits an ideal I such that (., .)|I is non-
degenerate, then I⊥ = {X ∈ g | (X, I) = 0} is also a quasi-classical ideal and g
is decomposable.
Lemma 1 If the quasi-classical Lie algebra g = g1 ⊕ g2 is decomposable and the
restriction of (., .) to the centre Z(g) is degenerate, then both g1 and g2 are quasi-classical
algebras.
Proof. If g1 were not quasi-classical, then there exists a nonzero element z /∈ [g1, g1]
such that (x, z) = 0 ∀x ∈ g1. In particular, z is not in the centre of g. Let
y ∈ g1 such that [x, y] 6= 0. By non-degeneracy, there exists an x ∈ g such that
(x, [y, z]) = ([x, y], ) 6= 0. By the decomposition, x belongs to g1 and therefore
[x, y] ∈ [g1, g1], contradicting the choice of z.
These properties reduce the classification of quasi-classical Lie algebras to the
analysis of indecomposable Lie algebras, i.e., those which do not decompose as a direct
sum of ideals. We also remark that property (iii) above does not exclude the possibility
that a QCLA has quasi-classical ideals, but refers to the induced bilinear form on the
ideal.
Proposition 2 Let R be a representation of a semisimple Lie algebra s such that
the multiplicity of the trivial representation Γ0 in R is zero. If g
−→⊕R(dimR)L1 is
quasi-classical, then the restriction of the inner product (., .) to the abelian radical
r = (dimR)L1 is degenerate.
Proof. Since multΓ0R = 0, for any Y in the radical there exists X ∈ s and Y
′ in
the radical such that Y = [X, Y ′]. By the associativity of the bilinear form (., .) we have
([X, Yi], Yj) = (r, Yj) = (X, [Yi, Yj]) = 0,
showing that the restriction (., .)|r to the radical is degenerate.
As a consequence of this result, no non-degenerate inner product in the abelian Lie
algebra (dimR)L1 can be extended to the semidirect product g
−→⊕R(dimR)L1 without
violating the associativity condition (7).
Corollary 1 If multΓ0R = 0 and g
−→⊕R(dimR)L1 is a QCLA, then dimR ≤ dim s.
Trivial examples of algebras having nontrivial Levi decomposition and being quasi-
classical are the semidirect products s
−→⊕ ads(dim s)L1 (Campoamor-Stursberg, 2003b).
We point out that the preceding corollary does not hold if the radical is not abelian.
5Proposition 3 Let g be a indecomposable quasi-classical Lie algebra of dimension n ≤ 9
and having a nontrivial Levi subalgebra. Then g is isomorphic to one of the following
Lie algebras
(i) L6,1 = so(3)
−→⊕ad3L1 with structure tensor
C312 = 1, C
2
13 = −1, C
1
23 = 1, C
6
15 = 1, C
5
16 = −1, C
6
24 = −1,
C426 = 1, C
5
34 = 1, C
4
35 = −1.
(ii) L6,4 = sl(2,R)
−→⊕ad3L1 with structure tensor
C212 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 2, C
6
16 = −2, C
4
25 = 2,
C526 = 1, C
5
34 = 1, C
6
35 = 2.
(iii) L9,11 = so (3)
−→⊕ 2adA6,3 with structure tensor
C312 = 1, C
2
13 = −1, C
1
23 = 1, C
6
15 = 1, C
5
16 = −1, C
9
18 = 1,
C819 − 1, C
6
24 = −1, C
4
26 = 1, C
9
27 = −1, C
7
29 = 1, C
5
34 = 1,
C435 = −1, C
8
37 = 1, C
7
38 = −1, C
9
45 = 1, C
8
46 = −1, C
7
56 = 1.
(iv) L9,62 = sl (2,R)
−→⊕ 2adA6,3 with structure tensor
C212 = 2, C
3
13 = −2, C
1
23 = 1, C
4
14 = 2, C
6
16 = −2, C
7
17 = 2,
C919 = −2, C
4
25 = 2, C
5
26 = 1, C
7
28 = 2, C
8
29 = 1, C
5
34 = 1,
C635 = 2, C
8
37 = 1, C
9
38 = 2, C
7
45 = 2, C
8
46 = 1, C
9
56 = 2.
where [Xi, Xj] = C
k
ijXk over the basis {X1, .., Xn} of g.
We remark that both nine dimensional algebra have the same complexification,
and have indeed a quasi-classical radical. The proof follows from the classification of
Lie algebras with nontrivial Levi decomposition of (Turkowski, 1988; 1992) and the
analysis of their invariants (Campoamor-Stursberg, 2003a).
For solvable quasi-classical Lie algebras various general constructions exists (see
e.g. (Okubo and Kamiya, 2002; Myung, 1986), while the nilpotent case was analyzed
in (Favre and Santharoubane, 1987). We now prove that a non-degenerate quadratic
Casimir operator imposes some restrictions on the nilindex of a nilpotent Lie algebra.
Proposition 4 A nilpotent quasi-classical Lie algebra n of dimension n has at most
nilindex n− 2.
Proof. If n is nilpotent of nilindex n−1, then we can always find a basis {X1, ..., Xn}
such that [X1, Xi] = Xi+1 for 2 ≤ i ≤ n − 1. Realizing the Lie algebra by differential
operators X̂i = C
k
ijxk
∂
∂xj
in C∞(n∗), the obtainment of Casimir operators is equivalent
to obtain the polynomial solutions F (x1, .., xn) of the system of PDEs X̂iF = 0 and
symmetrize them (Trofimov, 1983). If we consider the differential operator associated
to X1:
X̂1(F ) =
n−1∑
k=2
xk+1
∂F
∂xk
= 0, (9)
6the equation (9) has the general quadratic solution
C2(2m) = a0x
2
1 +
m−1∑
k=1
ak
(
1
2
x2m+k +
m−k∑
j=1
(−1)jxm+k−jxm+k+j
)
+ amx1x2m + am+1x
2
2m
if n = 2m, and
C2(2m− 1) = a0x
2
1 +
m−2∑
k=1
ak
(
1
2
x2m+k +
m−k−1∑
j=1
(−1)jxm+k−jxm+k+j
)
+ amx1x2m−1 + am+1x
2
2m−1,
if n = 2m− 1. For the latter solution we see that ∂C2(2m−1)
∂x2
= 0, thus we never obtain a
non-degenerate quadratic Casimir operator. It remains to see that the even dimensional
case cannot be quasi-classical. If we symmetrize C2(2m) and write it in matrix form, we
obtain that it is non-degenerate if and only if a0a1 6= 0. Now, considering the differential
operator X̂2 we obtain
X̂2(C2(2m)) = −x3
∂C2(2m)
∂x1
− Ck2jxk
∂C2(2m)
∂xj
= −2a0x1x3 − C
k
2jxk
∂C2(2m)
∂xj
Since n is nilpotent, we have X1, X2 /∈ [n, n]. This means that if C2(2m) is a solution
of X̂2, then the term −2a0x1x3 must cancel, i.e., a0 = 0. But this implies that the
quadratic operator is degenerate, thus n is not quasi-classical.
3. Classification of QCLAs up to dimension 6
The classification of low dimensional quasi-classical Lie algebras follows from the general
classification of real Lie algebras and their invariants (Patera et al., 1976; Campoamor-
Stursberg, 2005; Boyko et al., 2006). By the preceding results, it suffices to consider the
indecomposable algebras. The quasi-classical solvable Lie algebras in dimension n ≤ 6
are given in Table 1. It will turn out that in low dimension, the contractions of reductive
algebras allow to recover the quasi-classical algebras.
We recall that a contraction g  g′ of a Lie algebra g onto g′ is given by the
brackets
[X, Y ]′ := lim
t→∞
Φ−1t [Φt(X),Φt(Y )] , (10)
where Φt is an automorphism of g for all t <∞. The physically most interesting type of
contractions are the so called generalized Ino¨nu¨-Wigner contractions (short gen. IW),
introduced in (Weimar-Woods, 2000), and given by automorphims of the type
Φt(Xi) = t
−niXi, ni ∈ Z. (11)
Now, if F (X1, ..., Xn) = α
i1...ipXi1 ...Xip is a Casimir operator of degree p, then the
transformed invariant takes the form
F (Φt(X1), ..,Φt(Xn)) = t
ni1+...+nipαi1...ipXi1 ...Xip. (12)
Now, taking
M = max
{
ni1 + ... + nip | α
i1..ip 6= 0
}
, (13)
7the limit
F ′(X1, .., Xn) = lim
t→∞
t−MF (Φt(X1), ...,Φt(Xn)) =
∑
ni1+...+nip=M
αi1...ipXi1...Xip (14)
provides a Casimir operator of degree p of the contraction g′. This procedure allows to
obtain invariants of contractions from invariants in the contracting Lie algebra (Weimar-
Woods, 1996).
Proposition 5 Any non-semisimple quasi-classical Lie algebra g of dimension n ≤ 6
is a generalized Ino¨nu¨ contraction of a reductive Lie algebra.
Proof. For the Lie algebras A4,8, A4,10, A5,3, A6,3 we obtain the contraction
explicitly, while for the six dimensional solvable algebras of Table 1 we proceed by
means of deformation theory (Goze, 1988).
The contraction sl(2,R) ⊕ L1  A4,8 is described in (Huddleston, 1978), while
so(3)⊕ L1  A4,10, not contained in that list, is given by the automorphism
Φt(X1) =
1
t2
X1, Φt(X2) =
1
t
X2, Φt(X3) =
1
t
X3, Φt(X4) = X1 +X4.
It is trivial to verify that the contraction is gen. IW. We remark that A4,10 is also a
contraction of sl(2,R) ⊕ L1. For the nilpotent Lie algebra A5,3 we obtain a gen. IW.
contraction so(3)⊕ 2L1  A5,3 given by the automorphism
Φt(X1) =
1
t3
X1, Φt(X2) =
1
t3
X2, Φt(X3) =
1
t2
X3,
Φt(X4) =
1
t
(X1 +X4), Φt(X5) =
1
t
(X2 +X5).
Finally, A6,3 arises as gen. IW. contraction of so(3) ⊕ 3L1 by considering the
automorphism
Φt(X1) =
1
t2
X1, Φt(X2) =
1
t2
X2, Φt(X3) =
1
t2
X3,
Φt(X4) =
1
t
(X1 +X4), Φt(X5) =
1
t
(X2 +X5), Φt(X6) =
1
t
(X3 +X6).
We now turn our attention to the solvable non-nilpotent QCLAs in dimension six.
We prove the statement for g0,λ,λ16,82 , the argument being the same for the remaining
algebras. If the algebra is a contraction, then there exists a deformation that reverses
it (Goze, 1988; Weimar-Woods, 2000). Thus we analyze the invertible deformations
of g0,λ,λ16,82 and see whether they lead to reductive Lie algebras. Computing the second
cohomology group of the Lie algebra (see e.g. (Azca´rraga and Izquierdo, 1995)), we find
the nontrivial cocycle ϕ ∈ H2(g0,λ,λ16,82 , g
0,λ,λ1
6,82 ) given by
ϕ(X1, X3) = X3, ϕ(X1, X5) = −X5, ϕ(X2, X4) = λ
−1
1 X6.
It is straightforward to see that the formal deformation g0,λ,λ16,82 + ϕ given by the bracket
[X, Y ]ϕ = [X, Y ] +ϕ(X, Y ) defines a Lie algebra. Moreover, the derived subalgebra has
8dimension six, thus the deformation is a perfect Lie algebra. Computing the Killing
tensor of g0,λ,λ16,82 + ϕ we obtain the matrix
κ =

2 0 0 0 0 −2λ1
0 0 0 −2 λ
λ1
0 0
0 0 0 0 2 0
0 −2 λ
λ1
0 0 0 0
0 0 2 0 0 0
−2λ1 0 0 0 0 2(λ21 + λ
2)

(15)
with det(κ) = 64λ4λ−21 6= 0 since λ1λ 6= 0. This proves that the deformation g
0,λ,λ1
6,82 + ϕ
is semisimple. Now, considering the automorphism
Φ(X1) = X
′
1 =
1
t2
X1,Φ(Xi) = X
′
i =
1
t
Xi,Φ(X6) = X
′
6 = X6
of g0,λ,λ16,82 + ϕ we get the brackets
[X ′1, X
′
3] =
1
t2
X ′3, [X
′
1, X
′
5] = −
1
t2
X ′5, [X
′
2, X
′
4] = X
′
1 +
1
λ1t2
X ′6,
[X ′2, X
′
6] = λΦ(X2), [X
′
3, X
′
5] = X
′
1, [X
′
3, X
′
6] = λ1X
′
3,
[X ′4, X
′
6] = −λX
′
4, [X
′
5, X
′
6] = −λ1X
′
5.
It follows at once that for t → ∞ we obtain the contraction onto g0,λ,λ16,82 . For the
remaining algebras, a (invertible) deformation leading to a reductive Lie algebra is
indicated in Table 2.
In view of this result, it is natural to ask whether any non-semisimple QCLA is
obtained by contraction of a reductive Lie algebra. Although no complete classification
of Lie algebras in dimension n ≥ 7 exists, the following example shows that a QCLA is
not necessarily the contraction of a reductive Lie algebra. Consider the ten dimensional
Lie algebra g = sl(2,R)−→⊕D1⊕2D 1
2
r given by the brackets
[X1, X2] = 2X2 [X1, X3] = −2X3 [X2, X3] = X1 [X1, X4] = X4
[X1, X5] = −X5 [X1, X6] = X6 [X1, X7] = −X7 [X1, X8] = 2X8
[X1, X10] = −2X10 [X2, X5] = X4 [X2, X7] = X6 [X2, X9] = 2X8
[X2, X10] = X9 [X3, X4] = X5 [X3, X6] = X7 [X3, X8] = X9
[X3, X9] = 2X10 [X4, X6] = 2X8 [X4, X7] = X9 [X5, X6] = X9
[X5, X7] = 2X10
This algebra admits the (un-symmetrized) quadratic Casimir operator
C = x1x9 + 2(x2x10 − x3x8) + x4x7 − x5x6,
which is non-degenerate. Computing the second cohomology group of g we obtain that
dimZ2(g, g) = dimB2(g, g) = 86,
showing that H2(g, g) = 0 and therefore that g is stable. Thus this algebra does not
arise as a contraction (Nijenhuis and Richardson, 1966). We remark that this algebra is
the lowest dimensional example of a non-reductive rigid quasi-classical Lie algebra with
nonzero Levi subalgebra.
94. Generalized Ino¨nu¨-Wigner contractions onto QCLAs
Since any Lie algebra contracts onto the abelian Lie algebra of its same dimension, and
the latter is trivially quasi-classical, we have that a Lie algebra g that contracts onto a
quasi-classical algebra g′ is not necessarily endowed with a non-degenerate inner product.
However, the question turns more interesting if we discard the abelian algebras, i.e., if
we require that g′ is not abelian. Even in this form, the question is still too general and
can be answered easily in the negative. Any reductive Lie algebra s ⊕ nL1 is always
a contraction of a non quasi-classical Lie algebra. It suffices to consider the algebra
g = s⊕ n
2
r2 if n is even and g = s⊕hn−1
2
if n is odd, where r2 is the non-abelian algebra
in dimension 2 and hn−1
2
is the Heisenberg algebra of dimension n. Both algebras are
easily seen to contract onto s ⊕ nL1, and none of them is quasi-classical since their
quadratic Casimir operators are degenerate.
In order to eliminate these trivial cases, we can reformulate the question in the
following form:
Problem: If g′ is an indecomposable quasi-classical Lie algebra and g a Lie algebra
contracting nontrivially onto it, i.e., g  g′, under which conditions g is also quasi-
classical?
First of all, a QCLA can be the contraction of an algebra that has no Casimir
operators (in the classical sense) at all. To this extent, let rα6,38 be the solvable Lie
algebra given by the brackets
[X2, X3] = X1, [X1, X6] = 2αX1, [X2, X6] = αX2 +X3 +X4,
[X3, X6] = −X2 + αX3 +X5, [X4, X6] = αX4 +X5, [X5, X6] = −X4 + αX5.
This algebra has two invariants, which can be chosen as
I1 = (x
2
4 + x
2
5)
(
x4 − ix5
x4 + ix5
)iα
, I2 = x1exp
(
−2α arctan
(
x4x
−1
5
))
.
Now consider the family of automorphims ft : r
α
6,38 → r
α
6,38 defined by
ft(Xi) = X
′
i = t
2Xi, i = 1, 4, 5
ft(Xi) = X
′
i = tXi, i = 2, 3, 6.
The brackets over the transformed basis are:
[X ′2, X
′
3] = X
′
1, [X
′
1, X
′
6] = 2tαX
′
1, [X
′
2, X
′
6] = αtX
′
2 + tX
′
3 +X
′
4,
[X ′3, X
′
6] = −tX
′
2 + αtX
′
3 +X
′
5, [X
′
4, X
′
6] = αt
2X ′4 + tX
′
5, [X
′
5, X
′
6] = −tX
′
4 + αtX
′
5.
For t→ 0, all brackets but
[X ′2, X
′
3] = X
′
1, [X
′
2, X
′
6] = X
′
4, [X
′
3, X
′
6] = X
′
5
vanish, and the resulting algebra is nilpotent and isomorphic to A6,3. The main
observation is that the quadratic Casimir operator of A6,3 does not arise as the limit of
a rα6,38 invariant. This happens because the contraction does not preserve the number
N of invariants (Campoamor-Stursberg, 2003a). This fact suggests a refinement of the
problem:
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Refinement: If g′ is an indecomposable quasi-classical Lie algebra and g a Lie
algebra contracting nontrivially onto it, such that the number of independent invariants
is preserved, i.e., N (g) = N (g′), under which conditions g is also quasi-classical?
By this assumption, we guarantee that a fundamental system of invariants of the
contraction can be obtained by a limiting process of a system of invariants of the
contracted algebra (Campoamor-Stursberg, 2004). However, even in this case, a QCLA
is not necessarily the contraction of another quasi-classical algebra, as the following
example shows: Let r−26,94 be the solvable Lie algebra given by
[X3, X4] = X1, [X2, X5] = X1, [X3, X5] = X2, [X2, X6] = −X2,
[X3, X6] = −2X3, [X4, X6] = 2X4, [X5, X6] = X5.
It has the cubic Casimir operator C3 = x
2
1x6 + x1x2x5 + 2x1x3x4 − x
2
2x4. Taking the
contraction determined by the automorphism
Φ(X1) =
1
t2
X1, Φ(Xi) =
1
t
Xi, i = 2..5, Φ(X6) = X6,
we obtain that
lim
t→∞
1
t4
(C3 ◦ Φ) = x1(x1x6 + x2x5 + 2x3x4),
showing that the contraction is quasi-classical. This situation arises whenever we have
a nontrivial centre and a cubic operator that decomposes as the product of a non-
degenerate quadratic polynomial with the generator of the centre and some additional
cubic term independent of the centre generator that vanishes during the contraction.
A similar situation holds for higher dimensional operators and nonzero centre. The
remaining case is to see whether a quadratic invariant which involves all generators
of the algebra but is degenerate as bilinear form can contract onto a non-degenerate
quadratic Casimir operator.
Theorem 1 Let g′ be an indecomposable QCLA and g  g′ a nontrivial contraction
such that
(i) N (g) = N (g′),
(ii) the non-degenerate quadratic Casimir operator Ĉ of g′ is the limit of a quadratic
operator C of g.
Then C is non-degenerate and g quasi-classical.
Proof. By assumption, the quadratic Casimir operator Ĉ of g′ is obtained by
a limiting process from a quadratic Casimir operator of g. Let C = gijXiXj be the
(symmetrized) quadratic Casimir of g. Suppose that the automorphim Φt of g defining
the contraction is given by the matrix:
(X ′1, .., X
′
n) =
 α
1
1t
m1
1 . . . α1nt
m1n
...
...
αn1 t
mn
1 . . . αnnt
mnn

 X1...
Xn

11
where mji ∈ Z for all 1 ≤ i, j ≤ n. Since the matrix is invertible, we can find β
k
i ∈ R
such that
Xi = β
k
i t
mkiX ′k, 1 ≤ i ≤ n.
Over the transformed basis {X ′1, ..., X
′
n}, the operator C takes the form
C = gijXiXj = g
ijβikβ
j
l t
mi
k
+mj
lX ′iX
′
j . (16)
Let M = max
{
mji +m
l
k | 1 ≤ i, j, k, l ≤ n
}
. Let us write gij(t) := gijβikβ
j
l t
mi
k
+mj
l for
all 1 ≤ i, j ≤ n. These are polynomials in t of degree at most M , so that we can find
γijp ∈ R for p = 0, ..,M such that g
ij(t) = γij0 t
M + γij1 t
M−1 + ...+ γijM . We can therefore
rewrite (16) in matrix form C = (X ′1, .., X
′
n)A (X
′
1, .., X
′
n)
T , where A is the (polynomial)
matrix
A =
 γ
11
0 t
M + γ111 t
M−1 + ...+ γ11M . . . γ
n1
0 t
M + γn11 t
M−1 + ...+ γn1M
...
...
γ1n0 t
M + γ1n1 t
M−1 + ... + γ1nM . . . γ
nn
0 t
M + γnn1 t
M−1 + ... + γnnM
 . (17)
Using elementary properties of determinants, det(A) can be written as a polynomial in
t of degree at most 2M :
det(A) = ∆0t
2M +∆1t
2M−1 + ...+∆2M−1t +∆2M . (18)
Now, if C were a degenerate operator, then for all t the rank of A is less than n, and in
particular det(A) = 0. But since (18) has at most 2M roots, degeneracy implies that
∆k = 0 for k = 0, .., 2M . By contraction, we have that
lim
t→∞
1
tM
C = Ĉ
is the quadratic invariant of g′. However, if all ∆k vanish, then Ĉ must also be a
degenerate operator, contradicting the assumption. Therefore, non-degeneracy of Ĉ is
only possible if C is non-degenerate, proving that g is also a quasi-classical Lie algebra.
Corollary 2 Let g  g′ be a non-trivial generalized Ino¨nu¨-Wigner contraction and
C a non-degenerate quadratic Casimir operator of g. If C remains invariant by the
contraction, then g′ is quasi-classical.
5. Contraction of Yang-Mills equations
In view of the preceding theorem, it is worthy to analyze what happens if one tries to
compare the behavior of the Yang-Mills equations over quasi-classical Lie algebras g and
g′ related by a non-trivial contraction g  g′. Let C = gijXiXj be the quadratic non-
degenerate Casimir operator of g. If we consider a generalized Ino¨nu¨-Wigner contraction
X ′i = t
−niXi, 1 ≤ i ≤ n,
then over the transformed basis the operator has the form
C ′ = gijtni+njX ′iX
′
j.
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Let M = max {ni + nj | gij 6= 0}. According to this, the Casimir operator C ′ can be
decomposed as
C ′ =
∑
ni+nj=M
tni+njgijX ′iX
′
j +
∑
ni+nj<M
tni+njgijX ′iX
′
j. (19)
Since t−MC ′ is also a non-degenerate quadratic operator on g, it follows from Theorem
1 that
lim
t→∞
1
tM
C ′ =
∑
ni+nj=M
gijX ′iX
′
j (20)
is a non-degenerate quadratic Casimir operator of g′. In particular, the non-degenerate
bilinear symmetric associative form on g′ is given by the matrix (gij) , where the
condition ni + nj = M holds. Over the transformed basis {X ′1, .., X
′
n} of g we have
the gauge fields
Aµ (x) = t
nαXαA
α
µ (x) , (21)
Fµν (x) = ∂µAv (x)− ∂νAµ (x) + [Aµ (x) , Aν (x)] , (22)
where in this case
[Aµ (x) , Aν (x)] = t
nr−np−nqCrpqA
p
µ (x)A
q
ν (x)X
′
r. (23)
Taking into account that the latter bracket can be decomposed as
[Aµ (x) , Aν (x)] =
∑
nr−np−nq=0
CrpqA
p
µ (x)A
q
ν (x)X
′
r+
∑
nr−np−nq<0
tnr−np−nqCrpqA
p
µ (x)A
q
ν (x)X
′
r, (24)
we obtain that for t→∞ the limit of Fµν (x) equals
Fµν (x)
′ lim
t→∞
Fµν (x) = ∂µAv (x)−∂νAµ (x)+
∑
nr−np−nq=0
CrpqA
p
µ (x)A
q
ν (x)X
′
r.(25)
On the other hand, the Lagrangian on g is given by
L (x) =
∑
ni+nj=M
gijFµν,iF
µν
,j +
∑
ni+nj<M
tni+nj−MgijFµν,iF
µν
,j . (26)
Again, considering the limit, L (x) goes over to
L′ (x) = lim
t→∞
L (x) =
∑
ni+nj=M
gijFµν,iF
µν
,j , (27)
equation that reproduces the Lagrangian of g′ with respect to the bilinear form defined
by the quadratic operator limt→∞
1
tM
C ′. In this sense, the equations of motion of the
Yang-Mills equations of g′ can be recovered from the limit (for t→∞) of the equations
of motion (4) corresponding to g. It is interesting that by this contraction procedure,
we can obtain a large hierarchy of Lagrangians corresponding to non-isomorphic Lie
algebras, starting from a suitable Lie algebra.
To illustrate this fact, consider the contraction so(3, 1)  gα=0,η≥26,93 of the Lorentz
algebra onto the quasi-classical solvable Lie algebra g0,η6,93 (see Table 2). We choose a
basis {X1, .., X6} of the Lorentz algebra such that the brackets are given by
[X1, X2] = η
2X4, [X1, X3] = −η2X5, [X1, X4] = η2X2, [X1, X5] = −η2X3,
[X2, X4] = X1 +X6, [X2, X5] = −ηX6, [X2, X6] = X4 + ηX5, [X3, X4] = ηX6,
[X3, X5] = X1, [X3, X6] = ηX4, [X4, X6] = X2 − ηX3, [X5, X6] = −ηX2,
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where η ≥ 2. Considering the automorphism given by
X ′1 =
1
t2
X1, X
′
i =
1
t
Xi, (2 ≤ i ≤ 5), X
′
6 = X6 (28)
it follows at once that for t → ∞ we obtain the quasi-classical solvable Lie algebra
g
0,η
6,93 of Table 1. Over the transformed basis {X
′
1, .., X
′
6} the (symmetrized) quadratic
Casimir operator of so(3, 1) can be chosen as
C = −2X ′1X
′
6 + 2η (X
′
2X
′
3 +X
′
4X
′
5) +
(
X ′24 −X
′2
2
)
−
1
t2
X ′26 , (29)
which in the limit provides the quadratic invariant of g0,η6,93. Constructing the Lagrangian
from the bilinear form gab determined by the previous Casimir operator, we obtain
L(x) = −Fµν,1(x)F
µν
6 +2η
(
Fµν,2(x)F
µν
3 + Fµν,4F
µν
,5
)
+
(
Fµν,4F
µν
,4 − Fµν,2F
µν
,2
)
−
1
t2
Fµν,6(x)F
µν
6 , (30)
where in this case
Fµν (x) = ∂µAν (x)− ∂νAµ (x) +
(
A2µ (x)A
4
ν (x) + A
3
µ (x)A
5
ν (x)
)
X ′1 +(
η2
t
A1µ (x)A
4
ν (x) + A
4
µ (x)A
6
ν (x)− ηA
5
µ (x)A
6
ν (x)
)
X ′2 −
(
η2
t
A1µ (x)A
5
ν (x) + ηA
4
µ (x)A
6
ν (x)
)
X ′3 +(
η2
t
A1µ (x)A
4
ν (x) + A
2
µ (x)A
6
ν (x) + ηA
3
µ (x)A
6
ν (x)
)
X ′4 +
(
−η2
t
A1µ (x)A
3
ν (x) + ηA
2
µ (x)A
6
ν (x)
)
X ′5 +(
−
η
t2
A2µ (x)A
5
ν (x) +
η
t2
A3µ (x)A
4
ν (x) +
1
t2
A2µ (x)A
4
ν (x)
)
X ′6 (31)
In the limit, t → ∞ seven terms in (31) vanish, and the result is the corresponding
Fµν(x) for the contraction g
0,η
6,93. We remark that, although (30) and (31) are related
to the Lorentz algebra for all values of η, after the contraction the Lagrangian and the
gauge fields correspond to non-isomorphic Lie algebras. Therefore the contraction of
the Yang-Mills equations of a simple algebra give rise to the corresponding problem on
a parameterized family of solvable Lie algebras. In this construction, the parameter η
introduced as a scaling factor before contraction, becomes an essential parameter after
it, determining the isomorphism class of the Lie algebra on which the gauge fields take
their values. It should be expected that this parameter plays also a role in comparing
the solutions for the different non-isomorphic contractions, starting from the solutions
to the original equation.
Concluding remarks
After analyzing various properties of general quasi-classical Lie algebras, concretely
nilpotent and non-solvable Lie algebras with nontrivial Levi subalgebra, and classifying
them in low dimension (up to dimension 6 for the solvable case, and 9 for the non-solvable
case), we have shown that a quasi-classical algebra is not necessarily the contraction of
a reductive algebra, as suggested by the classification in low dimension. The existence
of stable QCLAs that are not reductive leads to search for criteria to ensure that a
quasi-classical algebra is the contraction of another Lie algebra with the same property.
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Discarding the trivial abelian case, we have seen that non-degenerate quadratic Casimir
operators may arise in different forms, from algebras having only pure transcendental
invariants or having Casimir invariants of third or higher order. The existence of a
non-trivial centre plays a central role, since it allows higher order operators to split into
the product of a non-degenerate quadratic invariant and a linear one. We remark that
this decomposability pattern is typical in the contraction of Casimir operators of Lie
algebras (Campoamor-Stursberg, 2006). However, in the case that the (non-degenerate)
quadratic Casimir invariant of the contraction is obtained as the limit of a quadratic
operator, this necessarily implies that the contracting algebra also possesses a non-
degenerate form. This fact is applied to compare the corresponding Yang-Mills equations
before and after contraction, and provides parameterized families of Lagrangians related
to non-isomorphic Lie algebras in the contraction. This fact allows, under suitable
conditions, to analyze the solutions for these families as a limit of the solutions before
applying the limit process. In the case of contractions of reductive Lie algebras, the
terms that vanish during the contraction are responsible for the appearance of ghost
states when quantized. This method of generating families from one fixed algebra could
be of interest for the problem of existence of flat potentials or the asymptotics approach
applied to contractions of simple compact Lie algebras (Bohr and Buchner, 1986). In
particular, for special values of the parameters some additional features could appear,
such as non-flatness of Yang-Mills potentials (Mundt, 1993).
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Table 1. Indecomposable solvable QCLAs in dimension ≤ 6
g Brackets Quadratic Casimir
(non-symmetrized)
A4,8 [X2, X3] = X1 [X2, X4] = X2
[X3, X4] = −X3 x2x3 − x1x4
A4,10 [X2, X3] = X1 [X2, X4] = −X3
[X3, X4] = X2 x
2
2 + x
2
3 + 2x1x4
A5,3 [X3, X4] = X2 [X3, X5] = X1
[X4, X5] = X3 x
2
3
+ 2x2x5 − 2x1x4
A6,3 [X1, X2] = X6 [X1, X3] = X4
[X2, X3] = −X5 x1x5 − x2x4 + x3x6
gα=0
6,82 [X2, X4] = X1 [X3, X5] = X1
λλ1 6=0 [X2, X6] = λX2 [X3, X6] = λ1X3 λx2x4 + λ1x3x5 − x1x6
[X4, X6] = −λX4 [X5, X6] = −λ1X5
gα=0
6,83 [X2, X4] = X1 [X3, X5] = X1
λ6=0 [X2, X6] = λX2 +X3 λ (x2x4 + x3x5) + x3x4 − x1x6
[X3, X6] = λX3 [X4, X6] = −λX4
[X5, X6] = −X4 − λX5
gα=06,88 [X2, X4] = X1 [X3, X5] = X1
ν0 6=0 [X2, X6] = µ0X2 + υ0X3 [X3, X6] = µ0X3 − υ0X2 µ0 (x2x4 + x3x5)− x1x6+
µ0 6=0 [X4, X6] = υ0X5 − µ0X4 [X5, X6] = −υ0X4 − µ0X5 +υ0 (x3x4 − x2x5)
gα=06,89 [X2, X4] = X1 [X3, X5] = X1
sν0 6=0 [X2, X6] = sX2 [X3, X6] = υ0X5 2x1x6 − 2sx2x4 − υ0
(
x2
3
+ x2
5
)
[X4, X6] = −sX4 [X5, X6] = −υ0X3
gα=0
6,90 [X2, X4] = X1 [X3, X5] = X1
ν0 6=0 [X2, X6] = X4 [X3, X6] = v0X5 2x1x6 + x
2
2
− x2
4
− υ0
(
x2
3
+ x2
5
)
[X4, X6] = X2 [X5, X6] = −υ0X3
g6,91 [X2, X4] = X1 [X3, X5] = X1
[X2, X6] = X4 [X3, X6] = X5 2x1x6 + x
2
2
− x2
4
−
(
x2
3
+ x2
5
)
[X4, X6] = X2 [X5, X6] = −X3
gα=06,92 [X2, X4] = X1 [X3, X5] = X1
µ0ν0 6=0 [X2, X6] = υ0X3 [X3, X6] = −µ0X2 −x1x6 − µ0x2x5 + v0x3x4
[X4, X6] = µ0X5 [X5, X6] = −υ0X4
g∗6,92 [X2, X4] = X5 [X1, X3] = X5
p = 0 [X1, X6] = X3 [X2, X6] = X4 x
2
1 + x
2
2 + x
2
3 + x
2
4 − 2x5x6
[X3, X6] = −X1 [X4, X6] = −X2
gα=0
6,93 [X2, X4] = X1 [X3, X5] = X1
ν0 6=0 [X2, X6] = X4 + υ0X5 [X3, X6] = υ0X4 υ0 (x2x3 + x4x5)− x1x6 +
x2
4
−x2
2
2
[X4, X6] = X2 − υ0X3 [X5, X6] = −υ0X2
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Table 2. Deformation of solvable QCLAs to reductive Lie algebras
g Defining cocycle of deformation
g6,82 ϕ (X1, X3) = X3, ϕ (X1, X5) = −X5, ϕ (X2, X4) =
1
λ1
X6
g6,83 ϕ (X1, X2) = −λX3, ϕ (X1, X5) = λX4, ϕ (X2, X5) = X6
g6,88
ϕ (X1, X2) = γX2, ϕ (X1, X3) = γX3, ϕ (X1, X4) = γX4,
ϕ (X1, X5) = γX5, ϕ (X2, X4) = αX6, ϕ (X2, X5) = βX6,
ϕ (X3, X4) = −βX6, ϕ (X3, X5) = αX6, γ = αµ+ βν, βµ = αν
g6,89 ϕ (X1, X2) = X2, ϕ (X1, X4) = −X4, ϕ (X3, X5) =
1
s
X6
g6,90
ϕ (X1, X2) = X1, ϕ (X1, X6) = −X2, ϕ (X2, X6) = X6,
ϕ (X3, X4) = −νX5, ϕ (X3, X5) = X4, ϕ (X4, X5) = −νX3
g6,91
ϕ (X1, X2) = X1, ϕ (X1, X6) = −X2, ϕ (X2, X6) = X6,
ϕ (X3, X4) = −νX5, ϕ (X3, X5) = X4, ϕ (X4, X5) = −νX3
g6,92
ϕ (X1, X2) = µX2, ϕ (X1, X3) = µX3, ϕ (X1, X4) = −µX4,
ϕ (X1, X5) = −µX5, ϕ (X2, X5) = X6, ϕ (X3, X4) = −
µ
ν
X6
g∗6,92
ϕ (X1, X2) = X6, ϕ (X1, X5) = X2, ϕ (X2, X5) = −X1,
ϕ (X3, X4) = X6, ϕ (X3, X5) = X4, ϕ (X4, X5) = −X3
g6,93
ϕ (X1, X2) = ν
2X4, ϕ (X1, X3) = −ν2X5, ϕ (X1, X4) = ν2X2,
ϕ (X1, X5) = −ν
2X3, ϕ (X2, X4) = X6, ϕ (X2, X5) = −νX6,
ϕ (X3, X4) = νX6
